Polarized continuum emission from aligned grains in disks around young stellar objects can be used to probe the magnetic field, radiation anisotropy, or drift between dust and gas, depending on whether the non-spherical grains are aligned magnetically, radiatively or mechanically. We show that it can also be used to probe another key disk property -the temperature gradient -along sight lines that are optically thick, independent of the grain alignment mechanism. We first illustrate the technique analytically using a simple 1D slab model, which yields an approximate formula that relates the polarization fraction to the temperature gradient with respect to the optical depth τ at the τ = 1 surface. The formula is then validated using models of stellar irradiated disks with and without accretion heating. The promises and challenges of the technique are illustrated with a number of Class 0 and I disks with ALMA dust polarization data, including NGC 1333 IRAS4A1, IRAS 16293B, BHB 07-11, L1527, HH 212 and HH 111. We find, in particular, that the sight lines passing through the near-side of a highly inclined disk trace different temperature gradient directions than those through the far-side, which can lead to a polarization orientation on the nearside that is orthogonal to that on the far-side, and that the HH 111 disk may be such a case. Our technique for probing the disk temperature gradient through dust polarization can complement other methods, particularly those using molecular lines.
INTRODUCTION
Dust polarization observations are traditionally used to trace the magnetic field, based on the idea that non-spherical grains preferentially align their long axis perpendicular to the field (e.g. Draine & Weingartner 1997; Hildebrand et al. 2000; Lazarian & Hoang 2007a; Andersson et al. 2015) . At optical wavelengths, intrinsically unpolarized star light are preferentially absorbed along the long axis of foreground grains and produce polarization parallel to the magnetic field. Grain thermal emission, on the other hand, preferentially emit light with polarization along the long axis and produce polarization perpendicular to the magnetic field. This dichroism allows measurements of the magnetic field E-mail: zdl3gk@virginia.edu morphology over a wide range of scales, from molecular clouds to protostellar envelopes (e.g. Planck Collaboration et al. 2016; Girart et al. 2006; Stephens et al. 2013) . It is widely believed that magnetic fields play a key role in determining protoplanetary disk structure and evolution through magnetorotational instability (e.g. Balbus & Hawley 1991) and magnetocentrifugal disk wind (e.g. Blandford & Payne 1982) , which set the conditions of planet formation (Morbidelli & Raymond 2016) .
Recently, polarized (sub)millimeter emission has been detected in an increasing number of disks by Atacama Large Millimeter/submillimeter Array (ALMA) with its high sensitivity and angular resolution. However, the origin of disk polarization remains uncertain, since grains do not have to be aligned with just the magnetic field (Kataoka et al. 2017; Yang et al. 2019 ). They may also be aligned in the direc-tion of the radiative anisotropy (Lazarian & Hoang 2007a; Tazaki et al. 2017) or the drift velocity of the grains relative to the ambient gas (Gold 1952; Lazarian 1995; Lazarian & Hoang 2007b) . Furthermore, even spherical grains can produce polarized emission by self-scattering of large grains in an anisotropic radiation field (Kataoka et al. 2015; Yang et al. 2016 Yang et al. , 2017 Stephens et al. 2019 ). The scattering interpretation of the disk polarization is favored in several targets (e.g., Bacciotti et al. 2018; Dent et al. 2019; Hull et al. 2018; Kataoka et al. 2016; Lee et al. 2018; Stephens et al. 2014 Stephens et al. , 2017 Girart et al. 2018; Harris et al. 2018) . One way to gauge the effects of scattering and identify polarization from aligned grains would be to observe at multiple wavelengths since the efficiency for scattering for grains of given sizes decreases rapidly with the wavelength in the optically thin and small-particle (or Rayleigh scattering) limit. Indeed, in the disk of Class I protostar BHB 07-11, Alves et al. (2018) detected polarization with ALMA at three wavebands (Bands 3, 6, and 7 or ∼ 3mm, 1.3mm and 0.87 mm, respectively) with consistent polarization orientations across three bands and increasing polarization fraction with wavelength, which is generally not expected for scattering-induced polarization. The rather high mean polarization fractions (∼ 7.9, 5.3 and 3.5% for Bands 3, 6, and 7 respectively) are also higher than those typically produced in models of scatteringinduced disk polarization (∼ 1%). At least for this wellstudied source, scattering is unlikely the main mechanism for producing the observed multi-wavelength disk polarization and aligned grains are favored.
In this paper, we aim to improve interpretations of disk polarization from aligned grains by including effects of temperature gradient and optical depth. The analysis for polarization by aligned grains has traditionally been carried out under the assumption of isothermal grains (Hildebrand et al. 2000) . However, polarization from aligned grains can be changed both qualitatively and quantitatively by a temperature gradient along the line of sight (Yang et al. 2017; Liu et al. 2018) . This is particularly relevant to protoplanetary disks, which are expected to be far from isothermal with strong temperature gradients in both radial and vertical directions (e.g. D'Alessio et al. 1998; Dullemond et al. 2002; Dullemond 2002) . Although the detailed temperature structure for disks remain poorly constrained empirically, observations have started to show evidence for spatially varying disk temperatures (e.g., Rosenfeld et al. 2013; Cleeves et al. 2016; Pinte et al. 2018) . We are thus motivated to explore how temperature gradient affects polarization due to aligned grains with the goal of developing a method to probe disk temperature gradient using polarization.
The structure of this paper is as follows: we start with an analytical model to illustrate the effects of temperature gradient and optical depth in Section 2. In Section 3, we provide a disk model and compute the temperature using the Monte Carlo radiative transfer code RADMC-3D 1 . The model is then used to create the expected polarization images at (sub)millimeter wavelength. We demonstrate how polarization can be used as a direct probe for temperature gradient. The results are discussed in the context of ALMA 1 http://www.ita.uni-heidelberg.de/~dullemond/software/ radmc-3d/ Figure 1 . Schematic figure depicting observed polarization direction with different temperature gradients in the optically thick limit. The definition of the x− and y−directions are shown in the lower-left of the figure. The observer is located in the positive z−direction. The oblate grains have their minor axes aligned in the x−direction and are threaded by black arrows which represent the direction light travels to the observer. The colored ellipses represent the projected cross sections to the observer of such oblate grains, which are longer in the y−direction and shorter in the x−direction. Red, purple, blue colors represent hot, moderate, and cold grains. The dashed arrows represent the location where the optical depth in the x− or y−direction becomes unity. The size of the double-sided arrows represents the amount of emission for the light polarized in either the x− or y−direction. The color of the arrows corresponds to the temperature of the grain mainly responsible for that emission, i.e. the location where optical depth is unity. Since intensity represented by the red arrows originating from hotter grains are larger than that from colder grains, the observed polarization direction follows the red arrow. For Case B (isothermal), the emission from the x− and y−directions are equal and thus no polarization is observed. For Case A, the temperature increases along the line of sight, away from the observer, and the polarization direction is in the x−direction and vice versa for Case C. dust polarization observations in Section 4. We summarize the main results in Section 5.
ANALYTICAL ILLUSTRATION
In this section we use a simple model to illustrate the temperature gradient effects on polarization from aligned grains. We assume a semi-infinite constant density slab, with x− and y−directions extending to infinity, but with a finite thickness, ∆z, in the z−direction (see Figure 1) . The observer is in the positive z−direction thus the line of sight is (and optical depth increases) in the negative z−direction. The signed polarization fraction is defined by p ≡ (I x − I y )/(I x + I y ) where I x and I y are the specific intensity at the surface of the slab facing the observer along the direction perpendicular to the slab. The sign of polarization determines the orientation of polarization. Positive polarization means that the polarization is parallel to the x−direction in our set up. Negative polarization means the polarization is in the y−direction.
Since aligned grains generally spin rapidly around their shortest axes and act effectively as oblate grains independent of their shapes when ensemble-averaged, we consider oblate grains 2 that have their short axes aligned in the x−direction. With this orientation, the oblate grains are viewed edgeon and the opacities in the x− and y−directions, or κ x and κ y , are not equal, but related by κ x < κ y . The "intrinsic polarization" is defined as
which is the polarization of these edge-on oblate grains in the optically thin limit as we will see later.
In the absence of any background source, the solutions to the radiative transfer equation for the x− and y−polarized light are
where τ x and τ y are the total optical depths of the slab in the corresponding directions, τ x and τ y are the variable optical depths, and S is the source function. The mean variable optical depth, τ , is given by τ ≡ (τ x + τ y )/2. The total optical depth in the x−direction is related to the opacity by τ x = κ x ρ∆z, where ρ is the density of the slab, and likewise for that in the y−direction. Since we are ignoring scattering, the source function is determined by the temperature related through the black body radiation. To consider temperature variations along the line of sight, we let the source function for the total intensity be linear to optical depth,
where S 0 is the source function at the surface of the slab. We also define the mean total optical depth as τ ≡ (τ x + τ y )/2. Note that since optical depth increases into the slab, a positive source function gradient, ∆S > 0, means the source function increases along the line of sight, and vice versa. Solving the emitted intensity (Equations (2) and (3)) using the source function (Equation (4)), one obtains
With I x and I y solved, we will consider the produced polarization in various limits. By considering ∆S = 0, one recovers the polarization in the isothermal case (Hildebrand et al. 2000) :
In the optically thin limit for the isothermal case, τ 1, the polarization is p = p 0 , thus the polarization measured for grains viewed edge-on in the optically thin limit is the intrinsic polarization. Since κ x < κ y , the intrinsic polarization in our set up is negative and thus the intrinsic polarization is along the y−direction. Note that in the optically thick limit, τ 1, polarization in this isothermal case is zero.
2 We will discuss in Section 4.2 below effectively prolate grains, which are appropriate for aerodynamically aligned grains (Gold 1952 ).
For the non-isothermal case, ∆S 0, and in the optically thin limit,
It is clear that non-isothermal effects are second order in optical depth and does not strongly affect the polarization when the slab is optically thin. If the τ 2 terms are ignored when τ 1, polarization becomes p = (κ x − κ y )/(κ x + κ y ), or the intrinsic polarization, p 0 .
In the optically thick limit, polarization approaches
Thus, in contrast to the isothermal optically thick case (Equation (7)), there is a non-zero level of polarization and also an extra negative sign. If ∆S < 0, the observed polarization will remain in the same direction as p 0 . However, when ∆S > 0, the observed polarization has an opposite sign relative to p 0 , thus the polarization direction is perpendicular to the intrinsic polarization. We will term this change in sign as "polarization reversal." In the Rayleigh-Jeans limit, assuming a black body radiation, the source function scales linearly with temperature, thus Equation (4) becomes T = T 0 + ∆T τ with ∆T ≡ dT/dτ and T 0 being the temperature at the surface of the slab. Using Equation (9), polarization is related to temperature by
Note Equation (10) is basically Equation (10) in Yang et al. (2017) . Furthermore, in the limit where p 2 0 1,
where T 1 is the temperature at τ = 1. Therefore, the negative of the ratio of polarization to intrinsic polarization is simply the gradient of the logarithmic temperature, d ln T/dτ , at the τ = 1 surface, which we denote by a dimensionless parameter ψ. Since the observed disk polarization is typically found to be a few percent, we will be using Equation (11) in Section 3 below. Note that Equation (11) is essentially the Eddington-Barbier relation for polarization in the Rayleigh-Jeans limit: while the observed intensity reflects the temperature at the τ = 1 surface, the polarization measures the logarithmic temperature gradient at the τ = 1 surface. Figure 1 is an illustration of how the temperature gradient along the line of sight affects the observed polarization in the optically thick limit. The oblate grains are aligned with their short axes in the x−direction; therefore, the opacity in the y−direction is larger than that in the x−direction. By the Eddington-Barbier relation in the Rayleigh-Jeans limit, the observed intensity corresponds roughly to the temperature at the τ = 1 surface. Since κ x is less than κ y , the τ x = 1 location is further into the slab than the τ y = 1 location and thus the observed intensity in the x− and y−directions are different based on three different cases of temperature gradient. Case B is when there is no temperature gradient. The observed intensity in the x− and y−directions are the same, thus no polarization is produced. For Case A, temperature increases inwards (away from the observer) and has ψ > 0. Intensity in the x−direction comes from the hotter region while the intensity in the y−direction comes from the colder region closer to the surface. This results in polarization in the x−direction. Note that this is perpendicular to the direction for the optically thin case which is commonly used to interpret dust polarization data. On the other hand, temperature decreases inwards for Case C, or ψ < 0. The radiation polarized in the y−direction is stronger than that in the x−direction, thus resulting in polarization in the y−direction.
We present a numerical example comparing polarization with and without temperature gradient in Figure 2 for oblate grains. We have chosen a slab with temperature changing linearly with optical depth for illustration and T 0 = 25K, ∆T = ±2K per unit optical depth, and p 0 = −5%. We integrate Equations (2) and (3) numerically with the Planck function as the source function S, focusing on a wavelength of 0.87 mm (ALMA Band 7, see Section 3 below). We calculate the polarization for the slab with various total optical depths, τ. This example illustrates clearly that although the temperature gradient (∆T) has relatively little effect for an optically thin slab (with τ 1), it controls both the magnitude and sign of the polarization for optically thick slabs. In particular, unlike the isothermal case, the polarization fraction does not go to zero in the non-isothermal cases as the total optical depth of the slab increases to infinity; it asymptotes to a finite value that is approximately the logarithmic temperature gradient at the τ = 1 surface times −p 0 as given by Equation (11). Note that the asymptotic value of the polarization fraction (|p|) is somewhat larger in the ∆T < 0 case than the ∆T > 0 case. This is because for a given surface temperature T 0 , the temperature at the τ = 1 surface is lower for the former than the latter making the asymptotic polarization fraction higher because it is proportional to the ratio of the temperature gradient ∆T (assumed to be fixed) to the temperature at τ = 1 surface (see Equation (10)).
Furthermore, we can also compare the polarization that is in the Rayleigh-Jeans limit. In this case, the slab with a surface temperature of 25 K has hν/kT ∼ 0.66, which deviates significantly from the Rayleigh-Jeans limit. In both cases of temperature gradients, the magnitude of polarization is larger than its Rayleigh-Jeans counterpart. The trend can be understood as follows: polarization comes from the difference in the intensities from the colder and warmer τ = 1 surfaces. The Planck function of the colder surface is further below the value given by the Rayleigh-Jeans approximation, while the deviation is less for the warmer surface, which increases the intensity from the warmer surface relative to the colder surface and thus the magnitude of the polarization fraction.
From Equation (10), we recognize one interesting limit. In the case of a positive temperature gradient, p/p 0 → −1 when the gradient ∆T → ∞ or the surface temperature T 0 → 0. In other words, when temperature gradient is infinitely high or the surface temperature is 0, polarization is positive, i.e., in the x−direction, and has the same magnitude as the intrinsic polarization. Therefore, should one observationally identify polarization that is reversed from the intrinsic polarization, due to temperature gradient, the magnitude of polarization serves as a lower limit to the magnitude of the intrinsic polarization of the grain.
EFFECTS OF TEMPERATURE GRADIENT ON DISK POLARIZATION FROM ALIGNED GRAINS
Details of the temperature structure for protoplanetary disks remain poorly constrained observationally. However, one can calculate the expected temperature structure by radiative transfer given a dust opacity model, density distribution, and heating. In this section, we provide prescriptions of a fiducial disk model and simulate polarized emission from aligned grains to look for effects of temperature gradient. The emission is computed at λ = 0.87mm, motivated by the fact that it is the highest frequency band (Band 7) at which ALMA can currently map dust polarization. Compared to other (lower) frequency bands, the dust emission at Band 7 has a higher optical depth, which makes it easier to show temperature gradient effects.
Dust Model
We consider a grain model similar to that of Pollack et al. (1994) which is comprised of 47% water-ice, 30% organics, and 23% silicates by mass. The refractive indices are taken from Henning & Stognienko (1996) 3 and opacity is calculated by the RADMC-3D Python implementation of Mie Theory (Bohren & Huffman 1983) . For illustration purposes, we consider only grains of a relatively small size of a = 10µm, so that the effects of dust scattering, which are beyond the scope of this paper, can be ignored at the observing wavelength of 0.87mm. Our adopted dust model yields a rather small absorption opacity of κ 0.87mm = 0.29 cm 2 per gram of dust. For comparison, the oft-adopted opacity scaling from Beckwith et al. (1990) yields an opacity of 3.5 cm 2 per gram of dust at 0.87mm for an opacity index β = 1, which is similar to the value of ∼ 3.9 cm 2 per gram of dust obtained through the DIANA project using also a = 10µm grains 4 (Woitke et al. 2016) . In view of the potentially large uncertainty in the dust opacity, we prefer to characterize our model disk with the optical depth rather than the surface density (see the last paragraph of Section 3.2 below), since the former is more directly relevant to the determination of the temperature structure, particularly for an actively accreting disk. We have seen from Section 2 that one recovers the intrinsic polarization in the optically thin limit for oblate grains viewed edge-on. Generally though, polarization from thermal emission of non-spherical grains depends on the inclination of the axis of symmetry of the oblate grains with respect to the line of sight. In the electrostatic dipole approximation, suitable for small grains, the polarization fraction for oblate grains in the coordinate system described in Section 2 becomes
where θ is the angle between the grain symmetry axis and the line of sight in the xz−plane (Lee & Draine 1985; Yang et al. 2019) . Note that when θ = π/2, oblate grains are viewed edge-on and one recovers the intrinsic polarization, p = p 0 . When θ = 0, the grains are viewed face-on and there is no polarization even though grains have non-zero intrinsic polarization.
As an input to RADMC-3D, we prescribe the (absorption) opacities using Equation (12). Specifically,
where κ x and κ y are the opacities parallel and perpendicular to the grain alignment axis respectively. Since κ ν,y does not vary with θ, we further assume that κ ν,y = κ ν where κ ν is the opacity calculated from Mie Theory. With p(θ) from Equation (12) and κ ν,y known, κ ν, x is also solved.
Disk Model
Since the temperature gradient effect on the dust polarization along a given sight line depends on the sight line being optically thick (see Figure 1) , it is expected to be more significant for more edge-on disks, the inner disk regions, and more massive disks. The last factor tends to favor younger disks that may be more embedded, as we will discuss in Section 4 below). For such disks, one should in principle include an envelope, which could affect the disk temperature through "back-warming" (e.g. Agurto-Gangas et al. 2019).
However, for the purposes of testing and extending the 1D analytical model presented in the previous section, we will ignore such complications and adopt a generic viscous disk model with a disk surface density given by the self-similarity solutions of Lynden-Bell & Pringle (1974) :
where R is the cylindrical radius and R c is the characteristic radius where exponential tapering becomes effective. The γ parameter is the gas surface density exponent. Σ c is the characteristic surface density, which can be solved when given a disk mass,
We adopt a Gaussian distribution for vertical mass distribution:
where z is the vertical distance from the midplane and H is the scale height, which is parameterized as
The dust is assumed to be well-coupled to the gas with a gas-to-dust mass ratio of 100. Protoplanetary disks are illuminated by the central star. The irradiation impinges and heats the disk upper atmosphere causing a hotter atmosphere and a cold midplane. However, in accreting disks, viscosity leads to a production of heat preferentially near the midplane. Since we are interested in the temperature gradient, we consider two types of temperature structures: one with only stellar irradiation, termed the "passive disk," and the other with accretion heating in addition to the stellar irradiation, termed "accreting disk." For definitiveness, we will adopt a stellar mass of M s = 1M , a radius of R s = 2.5R , and an effective temperature of 3900 K. These stellar parameters are similar to those inferred for IM Lup (Cleeves et al. 2016 ), but they are for illustrative purposes only. Other choices of stellar parameters should not qualitatively change the temperature structure of the irradiated disk, particularly the vertical increase of the temperature away from the disk midplane and the radial decrease of the temperature away from the central star.
For the second case, accretion heating per unit volume in an accreting disk amounts to
with ν as the viscosity coefficient and Ω = GM s /R 3 is the Keplerian angular frequency (e.g. D' Alessio et al. 1998 ).
We use the standard α-viscosity prescription and assume a steady-state accretion disk to relate viscosity to accretion rate:
where the radial inward velocity v r = −3ν/2R is applied (Shakura & Sunyaev 1973) . With gas density and accretion rate established, Equation (17) becomes
Accretion rate is set to be 5 × 10 −8 M /yr which is broadly suitable for Class 0/I to Class II disks (e.g. Yen et al. 2017; Hartmann et al. 2006; Natta et al. 2006; Andrews et al. 2010; Mulders et al. 2017) . A higher accretion rate that may be expected for younger Class 0 disks would yield a higher midplane temperature, potentially making the temperature gradient effect on the dust polarization even more pronounced. With dust density, dust opacity, and heating mechanisms provided, temperature is calculated using RADMC-3D. We ignore grain alignment when calculating temperature, since polarization fraction of the grain is small and thus will not severely affect the radiation field. As a fiducial disk model, we set γ = 0.5, R c = 50 AU, H t = 5AU, and q = 1.125. The synthetic observations of these disks are done in four different disk inclinations: 0 • (face-on), 45 • , 75 • and 90 • (edge-on). The optical depth of a given disk depends on the disk inclination. A disk that is optically thick when seen edge-on may be entirely optically thin face-on and temperature gradient effects may not be seen. For the purpose of illustrating the temperature gradient effects even in the face-on case, instead of providing a fixed value for disk mass, we opted to vary the disk mass at each inclination such that the optical depth is 5 at a distance of 50AU from the central star along the major axis 5 ; the value of optical depth is motivated by Section 2 (see Figure 2) , where temperature gradient effects become dominant at τ 5. For illustration, we assume oblate grains with an intrinsic polarization of p 0 = −5% and the grains are aligned with their short axes parallel to a toroidal magnetic field in the disk.
Results for the Passive Disk
This subsection presents the disk with only stellar irradiation as the source of heating. Its temperature structure is shown in the upper panels of Figure 3 . Stellar irradiation impinges the surface of the disk. Grains in the atmosphere see the incoming radiation and re-radiate only a portion of the heat into the disk midplane. Grains in the midplane of the disk where it is optically thick do not receive as much heating and become coldest in the midplane. This creates the typical structure of a hotter atmosphere and a cold midplane which was already seen with ALMA (for example, the "hamburger" morphology of HH 212 in Lee et al. 2017) . Note that the disk masses are modified for different inclinations 5 Assuming the standard gas-to-mass ratio of 100, the edgeon disk has a total gas mass of 0.085(3[cm 2 /g]/κ 0.87mm ) M , corresponding to a minimum Toomre Q value of about 2.1(3[cm 2 /g]/κ 0.87mm ) −1 in the accreting case; it would be gravitationally stable if the opacity at 0.87mm is close to or larger than 3cm 2 per gram of dust (Beckwith et al. 1990; Woitke et al. 2016) . As expected, the face-on disk needs a much higher mass of 0.55(3[cm 2 /g]/κ 0.87mm ) M to reach the same optical depth of 5 at 50 AU. It is likely gravitationally unstable, since its minimum Toomre Q value in the accreting case is about 0.33(3[cm 2 /g]/κ 0.87mm ) −1 . An implication is that if polarization reversal is observed in a face-on disk on the 50 AU scale modeled here, the disk must be exceptionally massive. This may indeed be the case for the low-mass Class 0 protostar NGC 1333 IRAS 4A1 (see discussion in Section 4.1 below), for which Segura- Cox et al. (2018) estimated an exceptionally large disk mass in the range of 0.85 − 1.9 M (see their Table 3 ). The required disk mass would be reduced if polarization reversal is detected within a smaller radius around the central star.
as mentioned in Section 3.2 and thus the calculated temperature structure is also different.
The images of Stokes I, polarized intensity, and polarization fraction with polarization direction are shown in Figure  4 . Polarization vectors point along the projected major axis of the oblate grains in the isothermal and optically thin limits. With the minor axis aligned toroidally for all grains, one can quickly verify that the vectors should point radially for the face-on case and point along the minor axis of the projected disk (in the y−direction of the image) for the edge-on case. This is viewed in the outermost regions of the image. These polarization vectors outside of the region where optical depth becomes unity (see panels c, f, i, and l), labeled by the white contour, are not affected by the temperature structure. Within the region where optical depth is greater than unity, the temperature gradient starts to become an important factor for the polarized intensity and direction. To be more quantitative, we compare the polarization along the y−direction (the minor axis for inclined disks) for each inclination to that for the isothermal case (Equation (7)) in the top panels of Figure 5 and the optical depth from the model is plotted in the second row of Figure 5 . The nearside of the disks with 45 • and 75 • inclinations is where y is negative.
For the face-on case, in panel c of 4, the polarization fraction decreases towards the center of the disk and the vectors remain in the radial direction. These are reminiscent of polarization by direct emission in the isothermal case. In the isothermal case, polarization quickly becomes zero in the optically thick regions (τ 6) as shown in Figure 2 . This is not what we find in the disk model, where the polarization fraction remains significant even in the optically thick region shown in panel a of Figure 5 . The remaining negative polarization fraction is due to the hotter atmosphere viewed in front of the cold midplane, which corresponds to Case C in Figure 1 , and results in a finite polarization along the direction of the long axis of the grain projected in the plane of the sky (i.e., the direction of p 0 ) even in a very optically thick region). Now we consider the other extreme, which is the edgeon case (the bottom row of Figure 4 ). In the optically thin regions, polarization vectors point in the y−direction of the image, which is commonly expected for grains aligned with their short axes along a toroidal magnetic field. Unlike the face-on case, there is a strong azimuthal variation in polarization fraction even in the optically thin regions (outside the white contour in panel l). Grains located on the minor axis of the disk are viewed more edge-on than those located on the major axis (in the outer optically thin region), and hence produce a more polarized emission. More interestingly, in the inner optically thick region, the polarization vectors rotate at an angle of 90 • , and become perpendicular to the optically thin regions. This 90 • rotation comes about because grains are aligned with their short axes parallel to the disk midplane, so that the radiation polarized along the midplane has a smaller opacity and thus comes from a smaller radius where the temperature is higher, resulting in a net polarization along the short (rather than the long) axis of the grain in the plane of the sky, analogous to Case A of Figure 1 . Panel d of Figure 5 shows that the signed polarization fraction becomes positive (i.e. a polarization reversal relative to p 0 ) which is completely different from the face-on case where the signed polarization fraction remains negative (i.e. in the same direction as p 0 ).
The 75 • inclination case is the highly inclined but not quite edge-on case. The oblate grains remain more edge-on along the minor axis of the disk, but less so in the outer edge of the disk. Thus the pattern for polarization fraction in the optically thin regions is similar to that of the 90 • inclination (edge-on) case. Within regions where the total optical depth exceeds unity, the near-side (bottom half of the image) shows polarization reversal like the edge-on case and the far-side maintains the excess polarization like the face-on case (compared to the isothermal case). This near-far side asymmetry comes about because the dust is assumed to have a finite (angular) thickness and the disk surface on the far-side is viewed more face-on than the near-side 6 . The line of sight in the near-side travels towards decreasing radii which generally leads to positive temperature gradients whereas that in the far-side has a negative temperature gradient making the near-side resemble more closely the edge-on case and the far-side the face-on case. Figure 6 is a schematic drawing to illustrate the differences of the temperature gradient traced by different line of sights. The line of sight that intercepts the near-side goes through a region with decreasing temperature and vice versa for the far-side. This difference in positive or negative temperature gradient causes polarization reversal in the near-side and none in the far-side. This is clearly seen in panel c of Figure 5 where the polarization in the near-side is positive and resembles the edge-on case and vice versa for that in the far-side.
The 45 • inclination case serves as the transition from the face-on to the 75 • inclination case. The polarization fraction seen in Figure 4f broadly resembles that of the face-on case in Figure 4c , because its temperature profiles along the line of sight and the optical depths are similar (compared to the 75 • and edge-on cases). The asymmetry along the minor axis plotted in Figure 5b is caused by the same mechanism as in the 75 • case, but less dramatic.
The top panels of Figure 5 show the important point that the isothermal case commonly adopted for interpreting dust polarization data on relatively large scales (e.g. molecular clouds) fails for the optically thick parts of the disk, where the temperature varies strongly both radially and vertically. Specifically, the polarization fraction does not go to zero as the optical depth increases. It asymptotes to a finite value depending on the temperature gradient along a given line of sight, as we stressed earlier using the analytical 1D slab model (Figure 2 ). To help interpret the numerical results, we make use of the analytical 1D slab model presented in Section 2 and compare in the third row of Figure  5 the two quantities, −p/p 0 and ψ, that appear in Equation (11) along the minor axis. We obtain ψ at the τ = 1 surface along each line of sight. The latter quantity is plotted only for the optically thick lines of sight where the total optical depth τ is greater than three. Along such optically thick sight lines, the negative of the normalized polarization fraction p/p 0 does indeed follow ψ qualitatively, which lends support to the basic physical picture outlined in Section 2. Figure 4 (red solid lines) and the polarization fraction for the isothermal case numerically computed using Equation (7) (blue dashed-lines). The second row shows the optical depth. The third row compares the temperature gradients. The logarithmic temperature gradient, ψ, directly extracted from the model is in black and only plotted where the optical depth is greater than three. The logarithmic temperature gradient inferred from Equation (11) based on −p/p 0 is plotted in red. Note that the ranges for both the horizontal and vertical axes are different for the three cases. The bottom panels are example temperature profiles as a function of optical depth at various lines of sight. τ = 0 is the surface closest to the observer. The color of the profile corresponds to the vertical dashed lines in the second and third row where it marks the location of the line of sight. For example, the blue temperature profile in panel o is extracted at −5 AU along the minor axis, or the blue dashed line in panel k, and accordingly for the green line. The black dashed vertical lines for the bottom panels denotes τ = 1.
Quantitatively, there is some difference between −p/p 0 and ψ, however. This difference is to be expected, since the two are exactly equal only when the observing wavelength λ is in the Rayleigh-Jeans tail of the black body radiation everywhere along the line of sight, the temperature gradient with respect to the optical depth, dT/dτ , is constant, and the total optical depth is infinite. In the bottom panels of Figure 5 , we plot the temperature as a function of optical depth along the line of sight, τ , at one representative sight line for the face-on and edge-on cases (these sight lines are shown as dotted lines in Figure 3 ) and at two sight lines for the 45 • and 75 • inclination cases. The dashed lines mark where optical depth becomes 1. We can see that the temperature near the τ = 1 surface is relatively low (of order 20 K), which leads to a significant deviation at ALMA Band 7 from the Rayleigh-Jean approximation adopted for deriving Equation (11). As explained in Section 2 and shown in Figure 2 , the deviation leads to a larger polarization fraction based on the full Planck function (|p/p 0 |) compared to that estimated under the Rayleigh-Jeans approximation (|ψ|), which explains, at least in part, the difference between the two quantities plotted in the third row of Figure 5 . The second condition does not strictly hold either in the stellar irradiated disk under consideration, since temperature gradient is obviously not constant for these sight lines. With the sight lines for the face-on case as an example, temperature rapidly decreases from τ = 0 to τ = 1. This is effectively a larger temperature gradient than that directly extracted at τ = 1 and thus increases the difference between the intensities along the x− and y−direction which produces a larger polarization, consistent with the results shown in the third row of Figure 5 . Despite these, the difference between the normalized negative polarization fraction −p/p 0 and the logarithmic temperature gradient ψ is relatively moderate, typically by a factor of 2 or less, indicating that polarization from aligned grains can indeed be used to determine the temperature gradient to a reasonable accuracy in the optically thick part of a disk.
Results for the Accreting Disk
Viscous heating is proportional to gas density; therefore, in the regions where gas density is larger (near the midplane in this case), grains can be heated more. The temperature structure is shown in the bottom panels of Figure 3 . The atmosphere is still directly heated by the star. The midplane on the other hand becomes hotter and the temperature no longer monotonically decreases to the midplane 7 . The resulting images are shown in Figure 7 and the cuts along the minor axis are plotted in Figure 8 . Both figures are plotted in the same way as Figure 4 and Figure 5 respectively.
Starting from the face-on case, the polarization vectors in panel c of Figure 7 show a striking difference from that of sole stellar irradiation in panel c of Figure 4 . Polarization fraction can be reversed even in the face-on case because of the temperature structure. This can be verified in Figure  3c where the τ = 1 surface (viewed vertically downward 7 We note that the viscous heating has a strong effect on the midplane temperature out to a larger radius in our model than in the model shown in Figure 2 of Bitsch et al. (2015) , even though the heating rate is similar in the two cases. The difference likely comes from a higher Rosseland mean optical depth vertically through the disk in our model than in theirs at a given radius, which leads to a higher midplane temperature, though the optical depth from Bitsch et al. (2015) is not readily known.
from above) is plotted on the meridionial plane for the faceon case. In regions within 40AU, the temperature gradient responsible for polarization is positive and thus produces polarization reversal (Figure 8a ). Similar to the face-on case, the 45 • inclination case also hosts an inner region where the polarization is reversed.
Polarization fraction for the edge-on case is relatively similar to the disk with only stellar irradiation. Inclusion of accretion heating does not drastically change the temperature structure near the τ = 1 surface, which is located at relatively large radii, where the gravitational binding per unit mass of material is low and the accretion heating is relatively inefficient. One can verify the similarities of the temperature structure traced by the τ = 1 surface in panels b and d of Figure 3 . From Figure 8c , we can see that within the optically thick regions, the highly inclined case of 75 • inclination has polarization reversal in the near-side and exhibits the reversal in the far-side as well between y = 0 and 5 AU. Beyond y ∼ 5AU of the far-side, the temperature gradient along the line of sight becomes negative, since the line of sight begins to leave the warmer regions of the midplane and the polarization fraction becomes similar that of the passive disk (Figure 5c ).
From the third row of Figure 8 , we can see that −p/p 0 traces ψ for the accreting disk, just as the passive disk. The main difference is in the face-on case, where the deviation between −p/p 0 and ψ are smaller than that of the passive disk. For the most part, this is because the temperature is higher in the accreting disk case than its passive counterpart (compare, e.g., Figure 5g to Figure 8g ), so the RayleighJeans approximation is more accurate. Furthermore, as a typical sight line passes through the atmosphere and reaches the midplane, the temperature rapidly decreases and then increases again as shown in Figure 8g . The effective temperature gradient near the disk surface averages out to a value that is similar to that at the τ = 1 surface. The nonRayleigh-Jeans effect can be seen clearly in the 75 • case, where the temperature of the far-side (positive y location along the minor axis) is greater than that of the near-side at the τ = 1 region (see Figure 8k) . Thus, the deviation between −p/p 0 and ψ is smaller for the far-side.
DISCUSSION
Our main result is contained in Equation (11): temperature gradient affects polarization when optically thick and the normalized polarization fraction −p/p 0 is related to its logarithmic temperature gradient ψ ≡ d ln T/dτ | τ =1 along the line of sight. In principle, polarization observations allows us to infer both the magnitude and direction of the temperature gradient, which is an intrinsic property of the disk, or any other density distribution (e.g. envelope). In practice, there are several complications for applying this technique to infer the temperature gradient. First, the observed polarization must be emitted by aligned grains, which is difficult to ascertain in general because it can also be produced by scattering (Kataoka et al. 2015; Yang et al. 2016) . Second, the relation applies only to optically thick regions, but optical depth is hard to determine because of large uncertainties in dust opacity. A third difficulty is that the intrinsic polarization fraction, p 0 , must be determined first, which may not be easy to do. These challenges need to be overcome in order to apply Equation (11) to infer the disk temperature gradient from polarization observables.
The Role of Multi-Wavelength Polarization Observations
To illustrate some of these practical complications, let us consider the deeply embedded Class 0 protostar NGC1333 IRAS4A1. It is one of the brightest protostellar continuum sources on the (100 au) inner envelope to disk scale at both (sub)millimeter and centimeter wavelengths (Looney et al. 2000; Cox et al. 2015) . It should therefore have one of the highest optical depths, making it an ideal target for applying our technique. Just as importantly, spatially resolved dust polarization has been detected at both centimeter Liu et al. 2016 ) and (sub)millimeter wavelengths (Ko et al. 2020) . The orientations of the (sub)millimeter (∼ 0.87 and 1.3 mm) polarization are rotated by nearly 90 • from those at centimeter wavelengths in the brightest disklike structure. This rotation is consistent with the polarization reversal expected between the polarization emitted by aligned grains at a wavelength that is optically thin or moderately optically thick (centimeter) and that at a wavelength that is very optically thick (sub/millimeter). If this interpretation is correct, we can immediately conclude that there must be a temperature increase into the disk-like structure around the (sub)millimeter τ = 1 surface (see Case A in Figure 1 ). This conclusion is supported by the detection of H 2 CO and CH 3 OH (Sahu et al. 2019) absorption lines, which requires a colder (molecule-bearing) layer in front of a warmer background. If the disk-like structure is viewed relatively face-on, as suggested by the relatively small inclination angle of ∼ 35 • (0 • means exactly face-on) inferred by Segura- Cox et al. (2018) through detailed modeling of the dust morphology at 8 cm, the (positive) gradient would point to a temperature increase towards the midplane, with the implication that the disk-like structure is heated internally (rather than only externally by, e.g., stellar irradiation), possibly by active accretion, as illustrated in Figure 7f .
To estimate the (positive) temperature gradient in IRAS 4A1 more quantitatively, one would need to determine the intrinsic polarization fraction p 0 at the (sub)millimeter wavelengths (where the polarization is reversed) first. One possibility is to adopt the polarization fraction at the same wavelength in a region that is known to be optically thin. However, this is difficult to do for IRAS 4A1 because the optically thin regions appear to be located in the protostellar envelope, where the grain properties and alignment efficiency may be quite different from those on the disk scale. Another possibility is to adopt the polarization fraction in the same region but at a wavelength where the dust is optically thin (or at most moderately optically thick) under the assumption that the intrinsic polarization fractions are the same at different wavelengths (which may or may not be true). For IRAS 4A1, one such wavelength is 8 cm, where the average polarization fraction is observed to be of order 15% Liu et al. 2016 ). If we take this value as an estimate of the intrinsic polarization fraction at 0.87 mm (i.e., p 0 ≈ −15%), we obtain, from Equation (11) and the average polarization fraction of p ∼ 3% in the region of reversed polarization (Ko et al. 2020 ), a rough estimate for the logarithmic temperature gradient
In other words, the temperature would double over an optical depth interval of ∆τ ∼ 5.
IRAS 16293B is another deeply embedded Class 0 protostar with a nearly face-on "candidate" disk and has spatially resolved polarization data at both centimeter and (sub)millimter wavelengths (Liu et al. 2018; Rao et al. 2014; Sadavoy et al. 2018) . Interestingly, the polarization orientations at 1.3 mm and 6.9 cm are consistent with each other and the polarization fractions in the two wavebands are comparable (Sadavoy et al. 2018 , see their Figure 9 ); the situation is a stark contrast to the NGC1333 IRAS4A1 case discussed above. If the polarization is produced by aligned grains in both wavebands, the consistent orientations would imply (1) that there is no polarization reversal in either waveband or (2) that there is reversal in both. Given that the disk is almost surely optically thick at 1.3 mm (Sadavoy et al. 2018) , the former scenario would imply that any temperature increase towards the disk midplane, if present 8 , is not fast enough to overwhelm the intrinsic polarization and produce reversal. In this case, the 1.3 mm emission is expected to have a much smaller polarization fraction p than that at (the much more optically thin) 6.9 cm, unless its intrinsic polarization fraction (p 0 ) is much larger; such an increase in p 0 may offset the optical depth effects to produce a polarization fraction at 1.3 mm comparable to that at 6.9 cm, as observed. In the second scenario where the polarization is reversed in both wavebands, the polarization fraction p would be set by the (positive) temperature gradient ψ near the τ = 1 surface and the intrinsic polarization fraction p 0 for the respective wavelength. The fact that p is observed to be comparable means that the product ψp 0 is similar in both wavebands according to Equation (11). One way to distinguish between the two possibilities is to independently determine the optical depth at 6.9 cm, which is required to be substantially optically thick for the second scenario.
A third case of interest is the more evolved, Class I disk BHB 07-11. Its polarization is detected in three ALMA Bands (0.87, 1.3 and 3 mm), with orientations that are consistent with one another in all three bands and fractions that increase with wavelength (Alves et al. 2018) . Since the 3 mm emission is likely optically thin in this relatively evolved disk, its polarization is unlikely reversed. The consistency in multi-band polarization orientations then implies that the polarization is not reversed at the two shorter wavelengths either, despite their higher optical depths. The implication is that the optical depth is not high enough and/or the temperature does not increase fast enough along the line of sight to reverse the intrinsic polarization even at the shortest wavelength (0.87 mm). Indeed the brightness temperature decreases with longer wavelength and also the presented spectral index map (see their Figure 5 ) has values greater than 2, which are indicative of low optical depth 9 and/or decreasing temperature gradient. The decrease of polarization fraction with decreasing wavelength is qualitatively consistent with the expected larger optical depth effects at shorter wavelengths. Whether different optical depths can quantitatively explain the observed difference in polarization fraction remains to be determined, however.
Nearly Edge-On Disks
Nearly edge-on sources are particularly useful targets to investigate the effects of the temperature gradient on polarization from aligned grains, because the edge-on view maximizes the optical depth along the line of sight, which passes through disk regions of different radii, where the temperatures are expected to be different. So far, there are two Class 0, L1527 (Harris et al. 2018 ) and HH 212 (Lee et al. 2018) , and one Class I, HH 111 (Lee et al. 2018) , disks that have nearly edge-on orientations and spatially resolved continuum polarization observations by ALMA, but thus far each source has only been observed at one wavelength with ALMA. Nevertheless, we will discuss them one by one below.
With an inclination angle of ∼ 85 • , L1527 in the Taurus molecular cloud is one of the closest Class 0 protostars with a nearly edge-on disk (Tobin et al. 2008) . Polarized emission was initially detected by Segura-Cox et al. (2015) using CARMA at 1.3 mm and at a resolution of ∼ 0.35" (∼ 50AU). They found polarized emission along the minor axis with a fractional polarization of ∼ 2.5%. A higher resolution, ∼ 0.09" (∼ 13AU), polarization map at 0.87 mm was obtained by Harris et al. (2018) using ALMA. It shows a polarization orientation along the minor axis and a polarization fraction of ∼ 3% near the continuum peak, both consistent with those at 1.3 mm. The higher resolution reveals intriguing spatial variation in polarization fraction. It decreases outwards along the disk midplane to 1% near the ends of the (projected) disk but increases rapidly to ∼ 10% near the disk surface. As stressed by Segura-Cox et al. (2015) and Harris et al. (2018) , in a nearly edge-on disk such as L1527, an orientation along the minor axis is consistent with the polarization from grains aligned by a toroidal magnetic field, at least in the optically thin limit. The outward decrease of polarization fraction along the disk midplane can be naturally explained as a result of the varying magnetic field orientation relative to the line of sight: the field at the center is perpendicular to the line of sight, which maximizes the polarization fraction, while that near the end is mostly along the line of sight. However, there is evidence that the disk is at least moderately optically thick, based on a comparison of the brightness temperature at 0.87 mm (Harris et al. 2018 ) and the temperature distribution inferred from optically thick 13 CO (2-1) and C 18 O (2-1) lines (van't Hoff et al. 2018) . The higher optical depth towards the central position should reduce the polarization fraction more relative to those at larger radii, potentially making the interpretation involving grains aligned with a toroidal magnetic field inconsistent with the observed trend along the disk midplane.
An alternative interpretation, also discussed in Harris et al. (2018) , is that the grains are aligned by a vertical (or poloidal, rather than toroidal) magnetic field over most of the L1527 disk (except near the disk surface, see below). If the optical depth and temperature gradient along the line of sight is large enough, it would naturally produce a reversed polarization (parallel, rather than perpendicular, to the magnetic field direction in the sky plane). Evidence of a temperature gradient exists based on 13 CO and C 18 O observations which indicate higher temperature at a smaller radius (van't Hoff et al. 2018) . In this interpretation, the lower polarization fraction towards the ends of the disk on the midplane would be caused by a combination of a smaller optical depth, which is large enough to reverse the polarization but not large enough for the polarization fraction to reach its maximum value set by the temperature gradient ψ near the τ = 1 surface, and a smaller ψ, as illustrated in Figure 4l and Figure 7l . A difficulty with this vertical field scenario is that it would predict a polarization orientation parallel to the midplane near the disk surface where the dust is expected to be optically thin (Figure 4) . This is the opposite of what is observed, unless the surface is still optically thick. A potential solution to this problem is to have the predominantly vertical magnetic field in the bulk of the disk change into a predominantly toroidal configuration near the surface. Such a field variation could be produced, for example, in a lightly ionized disk, where the magnetic field is weakly coupled to the bulk of the disk material (and can thus remain vertical) except near the more ionized surface, where the magnetic field can be dragged by the gas rotation into a predominantly toroidal configuration, perhaps at the base of a disk wind (see, e.g., Figure 2a and b of Li 1996) . In this interpretation, it would be natural to use the polarization fraction near the surface as an estimate of the intrinsic polarization fraction, i.e., p 0 ≈ −10%, which would yield a temperature gradient towards the disk center (where the polarization is reversed in this interpretation, with an observed fraction of p ≈ 3%) of ψ ≈ −p/p 0 ≈ 0.3 (according to Equation (11) ). Whether this gradient quantitatively agrees with that inferred from optically thick CO lines (van't Hoff et al. 2018) or not remains to be determined. It will depend on the opacity of the dust grains relative to those of the CO (or other) lines used to infer the temperature gradient independently. This dependence may provide a rare handle on the grain opacity, a crucial quantity for determining the mass of solids in disks, the raw material for planetesimals and ultimately planets. Temperature gradient from polarization may also complement the method based on molecular line observations where the dust can be optically thick and lines may not be detectable. We will postpone a more detailed exploration of the connection between the temperature gradients inferred from dust polarization and molecular lines to a future investigation.
We should note that, in the above interpretation involving magnetically aligned grains, we have made the usual assumption that the rapidly spinning grains are aligned with their short axes along the magnetic field so that their (averaged) shapes are effectively oblate. It is possible to have effectively prolate (rather than oblate) shapes as well, as in the case of aerodynamic grain alignment, i.e., the Gold mechanism (Gold 1952; Lazarian 1995) . In this case, the observed polarization pattern in L1527 would be consistent with a scenario where the (effectively) prolate grains are aligned in the toroidal direction in the optically thick part of the disk (where the polarization is reversed) and in the vertical direction in the optically thin part near the surface. The former could perhaps be produced by the streaming of dust grains relative to the gas in the azimuthal direction (Yang et al. 2019; Kataoka et al. 2019) , whereas the latter by a wind expanding away from the disk. Compared to the scenario involving effectively oblate grains aligned with a vertical magnetic field in the bulk of the disk, described in the last paragraph, this scenario has the advantage that the effectively prolate grains are viewed more edge-on towards the center of the disk than towards both ends, making it easier to explain the observed decrease of polarization fraction with radius along the major axis. Whether the grains can move faster enough relative to the gas to produce a degree of alignment needed to explain the observed polarization level remains to be determined, however (Andersson et al. 2015) .
The disk of the Class 0 protostar HH 212 in Orion has an inclination angle of ∼ 86 • , similar to that of L1527. Its spatially resolved polarization at 0.87 mm (ALMA Band 7) is oriented roughly along the minor axis, broadly similar to that for L1527 (Lee et al. 2018) . HH 212's disk shows strong evidence that it is optically thick towards the midplane based on the prominent dark equatorial lane sandwiched between two brighter surface regions (Lee et al. 2017; Z. Lin et al. in prep) . Such a feature was also found in our edge-on models (Figures 4l and 7l ). This makes polarization reversal likely for the disk, as already stressed by Lee et al. (2018) . In such a case, the observed polarization orientations along the minor axis are consistent with either effectively oblate grains that are poloidally aligned or effectively prolate grains that are toroidally aligned, as discussed earlier for L1527. As such, HH 212 is another good target for probing the disk temperature gradient through dust polarization, especially if the intrinsic polarization fraction p 0 can be estimated from future polarization observations that probe more optically thin regions, and for independently checking the inferred temperature gradient through line observations. The Class I disk, HH 111 VLA 1, has a lower inclination angle (∼ 72 • ; Lee et al. 2019 ) than L1527 and HH 212, which is similar to the value chosen for our 75 • inclination case. Its spatially resolved polarization at 0.87 mm is predominantly along the minor axis in the near-side of the disk but along the major axis in the far-side. Lee et al. (2018) noted that this pattern is consistent with the polarization from effectively oblate grains aligned with a toroidal magnetic field in the near-side and with a poloidal (nearly vertical) field in the far-side if the disk is optically thin. However, in the scenario where the disk is optically thick, the polarization in the near-side is likely reversed whereas that in the far-side is not, because of the difference in temperature gradient along sight lines through the near-and far-side of the disk, as discussed earlier in Section 3.3 (see Figure 6 for illustration). This provides a natural explanation of their orthogonal polarization orientations without invoking a 90 • change in the grain alignment axis. For example, effectively oblate grains aligned with a predominantly poloidal (vertical) magnetic field would produce polarization that is roughly parallel to the minor axis through the near-side via polarization reversal but parallel to the major axis in the far-side, as observed. Similarly, effectively prolate grains aligned in the toroidal direction (through, e.g., Gold mechanism) would produce an elliptical polarization orientation in the far-side (in the same direction as the optically thin case; Yang et al. 2019 ) but a radial orientation in the near-side through polarization reversal, again broadly consistent with the observed pattern. This can be seen in Figure 9 where we have used the same density and temperature structure of the passive disk with inclination 75 • , but toroidally aligned prolate (rather than oblate) grains.
The polarized intensity observed in the HH 111 disk is qualitatively similar to the highly inclination case shown in Figure 9a (see also Figures 4h and 7h) . Specifically, the near-side has an elongated region of polarization intensity that becomes stronger towards the center. In transition to the far-side along the minor axis, the polarized intensity first decreases to zero and then increases again. Along the major axis, the polarization fraction decreases outwards because the toroidally aligned prolate grains are viewed more poleon towards the disk edge, in agreement with the observed trend.
To verify if temperature gradient is indeed at play, observations with higher sensitivity at the same wavelength is needed to detect polarization in the more optically thin regions of the near-side. As seen in Figure 9b (see also Figures  4i and 7i ), there will no longer be a polarization reversal in such regions. Another way to verify the scenario is to observe polarization at longer wavelengths. The optically thick region should shrink in size towards the center, along with the region of reversed polarization, i.e., the outer region of the near-side with polarization along the minor axis at Band 7 would flip to the major axis direction. This behavior is a telltale sign of aligned grains, particularly toroidally aligned prolate grains in this case. As discussed in Section 2, the polarization fraction in the region with polarization reversal serves as a lower limit to the intrinsic polarization of the grains. Thus, prolate grains, if they are indeed responsible for the polarization observed in the HH 111 disk, should have an intrinsic polarization of at least the value observed in the region of polarization reversal (∼ 1%).
We note that although the discussion in this section has been focused mostly on the relatively young (Class 0 and early Class I) disks that are either intrinsically bright (such as NGC IRAS4A1) or highly inclined (such as HH 212), the temperature gradient effect on the dust polarization can also be significant in the fainter, more evolved (Class II) disks at relatively small radii where the optical depth can be high and viscous heating is expected to be important (e.g. Bitsch et al. 2015) . However, to detect this effect, a higher resolution would be required, making it harder to do with the current observational capabilities.
SUMMARY AND CONCLUSIONS
In this paper, we have investigated the effects of temperature gradient on the polarized emission from aligned grains, with emphasis on disks around young stellar objects. Our main conclusions are as follows:
(1) The disk polarization from aligned grains is affected by the temperature gradient most strongly along sight lines that are optically thick. This is because the light polarized along the short axes of the aligned grains (projected on the sky plane) has a lower opacity than that polarized along the long axes and thus comes mostly from a region deeper into the disk if the sight line is optically thick, as illustrated in Figure 1 . As the optical depth of a sight line increases, its polarization fraction quickly approaches zero in the case of zero temperature gradient. With a decreasing temperature along the line of sight, the polarization fraction asymptotes to a non-zero value, with the same polarization direction as that in the optically thin limit. With an increasing temperature along the line of sight, the fraction approaches a constant value as well, but with a polarization direction along the (projected) short (rather than long) axes of the aligned grains, which is orthogonal to the optically thin case. This "reversed" polarization along optically thick sight lines with increasing temperature away from the observer is a telltale sign of the polarization from aligned grains.
(2) The asymptotic value of the polarization fraction p in the optically thick limit can be estimated analytically in a simple 1D slab model with a constant temperature gradient dT/dτ relative to the optical depth τ . It depends only on the intrinsic polarization fraction p 0 (the polarization fraction at the same wavelength and along the same sight line in the optically thin limit) and the logarithmic temperature gradient near the τ = 1 surface along the line of sight in the Rayleigh Jeans limit, through p ≈ −p 0 (d ln T/dτ | τ =1 ) (Equation (11)). This formula provides a way to estimate the temperature gradient along an optically thick line of sight through the disk from the normalized polarization fraction −p/p 0 , which can be observationally measured in principle.
(3) The above approximate formula (Equation (11)) for inferring temperature gradient from dust polarization is validated using a model of stellar irradiated disks with and without accretion heating. In both cases, it holds to a factor of 2 even in the presence of a strong variation in temperature gradient and a significant deviation from the Rayleigh Jeans limit. As expected, we find that the polarization is reversed along optically thick sight lines towards an edge-on disk (with an inclination angle of i = 90 • ) as a result of the temperature increasing radially towards the central stellar object (see Figures 4l and 7l) . For face-on disks (i = 0 • ), polarization reversal can also happen, but only for actively accreting disks where the temperature increases towards the midplane ( Figure 7c) ; in other words, dust polarization can in principle provide a powerful probe of disk accretion. Most intriguing is the 75 • inclination case, where the near-side of the disk is viewed more edge-on than the far-side and the traced temperature gradients are different (see Figure 6 for illustration). As a result, the polarization is more likely to reverse in the near-side than the far-side, producing a polarization orientation in the near-side that is orthogonal to that on the far-side (see Figures 4i and 7i) . The 90 • flip between the near-and far-side is another telltale sign of the polarization produced by aligned grains.
(4) The best targets to look for the temperature gradient effects on dust polarization are the disks that are optically thick, such as those that have a high surface density or are nearly edge-on. One intriguing case is the relatively face-on, very bright disk-like structure in the deeply embedded Class 0 object NGC1333 IRAS4A1, whose polarization orientations at the very optically thick (sub)millimeter wavelengths are orthogonal to those at the more optically thin centimeter wavelengths, which is suggestive of a polarization reversal at the shorter wavelengths produced by an accretion-heated midplane (see Figure 7c) . Another is the highly inclined (but not quite edge-on) disk of the Class I object HH 111, whose polarization along the edge-on sight lines through the near-side of the disk appears reversed relative to that along the more face-on sight lines through the far-side; the former probes the temperature gradient predominantly in the radial direction whereas the latter in the vertical direction. The polarization fraction observed in the region of reversed polarization allows for an estimate of the temperature gradient with respect to the optical depth τ from Equation (11), if the intrinsic polarization fraction p 0 can be estimated, from polarization either along more optically thin sight lines or at longer wavelengths. High resolution and sensitivity polarization observations at widely separated wavebands are desirable for this task.
(5) Our technique of inferring the disk temperature structure from dust polarization measures the temperature gradient relative to the dust optical depth, and complements those using other methods, particularly molecular lines. Indeed, when combined with independent measurements of the temperature structure, such as through molecular lines, dust polarization may provide a rare handle on the grain opacity, and thus the mass of the solids, the raw material for forming planetesimals and ultimately planets.
